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Reliable thermochemistry is computed for infinite stretches of pure-carbon materials including
acetylenic and cumulenic carbon chains, graphene sheet, and single-walled carbon nanotubes
�SWCNTs� by connection to the properties of finite size molecules that grow into the infinitely long
systems. Using ab initio G3 theory, the infinite cumulenic chain �:CvCvCvC: � is found to be
1.9±0.4 kcal/mol per carbon less stable in free energy at room temperature than the acetylenic
chain �·CwC–CwC·� which is 24.0 kcal/mol less stable than graphite. The difference between
carbon-carbon triple, double, and single bond lengths �1.257, 1.279, and 1.333 Å, respectively� in
infinite chains is evident but much less than with small hydrocarbon molecules. These results are
used to evaluate the efficacy of similar calculations with the less rigorous PM3 semiempirical
method on the �5,5� SWCNT, which is too large to be studied with high-level ab initio methods. The
equilibrium electronic energy change for C�g�→C�infinite �5,5� SWCNT� is −166.7 kcal/mol,
while the corresponding free energy change at room temperature is −153.3 kcal/mol �6.7 kcal/mol
less stable than graphite�. A threefold alternation �6.866, 6.866, and 6.823 Å� in the ring diameter of
the equilibrium structure of infinitely long �5,5� SWCNT is apparent, although the stability of this
structure over the constant diameter structure is small compared to the zero point energy of the
nanotube. In general, different �n ,m� SWCNTs have different infinite tube energetics, as well as
very different energetic trends that vary significantly with length, diameter, and capping. © 2006
American Institute of Physics. �DOI: 10.1063/1.2397680�

INTRODUCTION

Properties, such as the length of a carbon-carbon triple
bond or the stability of a finite carbon cluster, change signifi-
cantly with molecular length. From an experimental perspec-
tive, the connection of small molecule properties to infinite
length can be established by mapping such properties versus
length. Theoretically, this approach is called the finite-cluster
method.1 This activity can provide a fundamental basis for
understanding properties in the nanosize regime. As chemists
pursue reactions incorporating new allotropes of carbon into
nanotech materials, it is important to establish the thermody-
namic stability versus size with as much rigor as possible.
The goals of this work are �1� to compute reliable enthalpy
and free energy changes upon creation of infinite lengths of
carbon chains and single-walled carbon nanotubes
�SWCNTs�, �2� to present the thermochemical results in a
general way for comparison to any carbon structures, not just
ones with similar bonds, i.e., to check the isodesmic assump-
tion for curved versus flat carbon regions, and �3� to provide
input which will aid in the construction of carbon energetics
versus size. In the course of pursuing these goals, interesting
structural results were also obtained.

Individual ab initio and density functional theory �DFT�
techniques that work very well for structure and relative en-
ergetics do not generally yield reasonable accuracy regarding

thermochemistry �such as heats of formation� of small gas
phase molecules. To address this issue, we have used the
ab-initio-based G3 theory �sequences of individual ap-
proaches� when size permits and the PM3 semiempirical
method otherwise. Structure and thermochemistry were com-
puted with optimizations and normal mode analyses of se-
quences of finite size molecules which grow into infinite
stretches of pure-carbon materials including acetylenic and
cumulenic carbon chains, graphene sheet, and SWCNTs.

This work is distinguished by its free energy assess-
ments, as well as and in contrast to the equilibrium electronic
energy differences that might be obtained from ab initio elec-
tronic structure methods. If the reaction C�graphene�
→C�SWCNT� is isodesmic, i.e., has the same bonds on each
side, then the calculated change in equilibrium electronic en-
ergy can be taken as the enthalpy change for the reaction.2

This would be a good first step towards thermochemistry, but
it does not provide free energy changes. The question also
arises as to whether the bonds of a curved carbon surface are
the same as those of a flat surface. In our work, we have
determined equilibrium electronic energy, enthalpy, and free
energy changes so that our results can be compared to any
other carbon structures, not just to ones with similar bonds.

Background

Single-walled carbon nanotubes �SWCNTs� are a rela-
tively new sp2 allotrope of carbon.3–5 They are labeled by an
�n ,m� system4,6 which defines a wrap-around point for mak-a�Electronic mail: coe.1@osu.edu
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ing a tube from graphene sheet. The �5,5� SWCNT studied in
this work is an armchair tube with the same diameter as the
C60 fullerene molecule. SWCNTs are of great interest as
nanowires.7 They are metallic or semiconducting depending
on whether n−m is an integer multiple of 3.8 They have
many unusual electronic properties5 such as the capacity to
carry large amounts of current ballistically �without heat�.
Capped forms of SWCNTs have been implicated in some
growth mechanisms,9 particularly on catalytic metal par-
ticles. There is a paucity of experimental information on the
thermodynamics of the growth processes.10 There is also in-
terest in other forms of carbon, such as the sp-hybridized
allotrope of carbon,11 which in cluster work is a reference
point important in understanding the trends of small carbon
chains12 towards bulk. The existence of long carbon chains
in samples13 was suggested as early as 1967. When gas phase
fullerene production is altered with capping groups,14,15

fullerenes are no longer produced and evidence suggests the
presence of linear carbon chains with hundreds of carbon
atoms. Stable acetylenic carbon chains of �30 atoms have
been synthesized15,16 by capping the chains with unreactive
terminal groups. Additionally, H and CN capped carbon
chains �cyanopolyynes� have been observed in the interstel-
lar medium17 and in the laboratory.18 There are a few ab
initio calculations on infinite linear carbon chains,19–21 but
none that are thermochemically reliable. Hartree-Fock �HF�
theory19,21 predicts that the acetylenic chain is more stable
than the cumulenic chain �by �3.9 kcal/mol per carbon in
electronic equilibrium energy� in accordance with Peierls
theorem,22 but HF theory does not accurately predict
�Hf

298 K �the HF value for CH4 is +77.5 kcal/mol, while the
experimental value is −17.89 kcal/mol, see Table I�. This
prediction is in contrast to small molecule, average local
bond, enthalpic expectations23 �an acetylenic carbon shares a
single bond �83.2 kcal/mol� and a triple bond
�200.5 kcal/mol� for a stability of 141.9 kcal/mol per car-
bon, while a cumulenic carbon shares two double bonds
�146.7 kcal/mol� for a greater stability of 146.7 kcal/mol
per carbon�. Clearly, a G3 theory prediction would be illu-
minating.

COMPUTATIONAL APPROACH

Most of these calculations were performed on a desktop
personal computer �PC� �Pentium 4, 2 Gbyte random access
memory �RAM��, and 2.40 GHz processing speed� and all of
them could have been.

Details of quantum mechanical methods

Quantum chemical composite methods,24–28 such as G3
theory,27 are now capable of providing accurate predictions
of thermochemical properties of small molecules. The equi-
librium geometries of G3 theory correspond to the
MP2�full� /6-31G* level and the zero point energies �ZPEs�
are computed at the HF/6-31G* level with a 0.8929 scaling
factor. The enthalpy and free energy changes associated with
thermal effects are calculated using ideal gas partition
functions.29 The method amounts to sequences of calcula-
tions at different levels of configuration interaction treatment
and with different basis sets enabling extrapolation to the full
electron configuration interaction �including MP4 and
QCISD�T� calculations�, the full basis set result �G3large�,
and other detailed effects including spin orbit effects. The
final electron equilibrium energies might be denoted as
QCISD�T,FULL�/G3large. G3 theory has obtained an aver-
age deviation from experiment of 0.94 kcal/mol in calcula-
tions of the enthalpies of formation ��Hf

298 K� of
148 molecules contained in its test set. A subset of 20 hydro-
carbons from the G3 set exhibits an average deviation of
0.62 kcal/mol. Such energetic results will herein be divided
by the number of carbon atoms in the finite cluster, so accu-
racies of better than 0.2 kcal/mol can be expected �as judged
by extrapolating the error in calculated �Hf

298 K per carbon
atom versus the reciprocal of the number of carbons to infi-
nite length�.

Stewart’s semiempirical PM3 method30 �third parametri-
zation of modified neglect of diatomic overlap �MNDO�� is
surprisingly good at absolute energetics, although not as
good as G3 theory. Calculation of �Hf

298 K of the same 20
hydrocarbon subset mentioned above gives an average devia-
tion of 3.1 kcal/mol that is vastly better than one obtains

TABLE I. Electronic equilibrium energies, enthalpies of formation, zero point energies, thermal enthalpic
correction from equilibrium, and thermal free energy correction from equilibrium for test molecules.

Species Method
Eeq

�hartree�
�Hf

298 K

�kcal/mol�
ZPE

�kcal/mol�
�Heq→298 K

�kcal/mol�
�Geq→298 K

�kcal/mol�

CH4 G3 −40.500 3a −18.0 26.77 29.16 15.09
HF/6-31G* −40.195 17 +77.5 29.98 32.36 17.65

�methane� MP2/aug-cc-pVDZ −40.367 727 +23.1 28.25 30.64 16.55
B3LYP/6-31G* −40.518 38 −17.95 28.39 30.77 16.04
PM3 −13.1 28.39 30.78 16.71
Expt. −17.89

C2H2 G3 −77.302 2a 55.1 16.50 18.81 4.63
HF/6-31G* −76.817 83 173.16 18.48 20.72 6.64

�acetylene� MP2/aug-cc-pVDZ −77.092 997 63.14 15.91 18.48 3.85
B3LYP/6-31G* −77.325 646 63.11 16.71 19.14 4.77
PM3 50.7 17.50 19.74 5.66
Expt. 54.19

aEstimated with harmonic approximation for vibrations, scaling factor of 0.8929.
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with Hartree-Fock �HF� or second order Moller-Plesset
�MP2� theory. This is perhaps not surprising since PM3 was
developed on a training set of molecular properties including
�Hf

298 K. However, PM3 is not as good at just about any
other molecular property, so care must be exercised in inter-
preting the geometrical results. The PM3 results in our cal-
culations will be divided by the number of carbons, so the
results may be considerably better than 3.1 kcal/mol. In this
work, the accuracy of the PM3 results is ultimately judged
by comparison to comparable calculations on infinite acety-
lenic and cumulenic chains by G3 theory. Accuracy can also
be gauged by the enthalpy change for constructing an infinite
graphene sheet which can be experimentally placed relative
to NIST webbook31 values for graphite. With these calibra-
tions in hand, the thermochemical and electronic equilibrium
energy changes were determined for the construction of the
armchair �5,5� SWCNT, with and without fullerene caps. In
the course of pursuing absolute energetics, several interesting
discoveries were revealed concerning the corresponding ge-
ometries of these systems.

To place the current approach in a broader context, we
have also included the popular B3LYP �Refs. 25 and 32�
hybrid density functional theory method in our initial ex-
amples. The B3LYP method obtains the electron density
from a Hartree-Fock wave-function-like treatment that is
augmented with a parametrized exchange-correlation func-
tional that obtains �generally slightly overestimates �compare
Eeq in Table I for B3LYP and the G3 estimate�� the electron
correlation energy. The standard deviations of the difference
between �Hf

298 K and experiment using a test set of four
molecules �CH4, CH3F, CH3Cl, and C2H2� for the G3, PM3,
B3LYP/6-31G*, and MP2/aug-cc-pVDZ methods were 0.7,
4.4, 5.5, and 35 kcal/mol, respectively. Calculation of
�Hf

298 K with the same 20 hydrocarbon subset mentioned
above33 gives an average deviation of 3.2 kcal/mol which is
again not as good as G3, comparable to the PM3 result, and
better than most individual ab initio methods. The B3LYP
method is roughly a factor of 2 more computationally inten-
sive than Hartree-Fock theory, but it is considerably more
computationally intensive than PM3; so the SWCNT work
has been pursued with PM3. If a sequence of clusters was
amenable to B3LYP computations, it would be desirable over
PM3 because the electronic structure and geometry are likely
to be better. Interest in other properties or access to a bit
more computational power might favor the use of B3LYP.

Basic thermochemical definitions

In order to facilitate comparisons across disparate struc-
tures, the energetics in this work are eventually presented in
terms of the incorporation of a gas phase carbon atom into
the structure of interest, i.e., for the reaction
C�g�→C�structure of interest�. We present the energetics in
terms of electronic equilibrium energy changes �for direct
comparison to ab initio work� and as thermochemical quan-
tities �such as enthalpy change at 298 K, free energy change
at 298 K, and energy change at 0 K� for use in experimental
situations. Experiment and certain semiempirical methods
commonly give energetics in terms of the enthalpy of forma-

tion of a molecule. For example, the generalized hydrocar-
bon molecule CnHm is formed from the elements in their
standard states as

nC�graphite� +
m

2
H2�g� → CnHm�g�, �Hf

298 K�CnHm� .

�1�

On the other hand, ab initio computations commonly deter-
mine equilibrium electronic energies for the molecule
�ECnHm

eq � and each of the atoms �Eatom
eq � at infinite separation to

determine the equilibrium electronic energy change ��EAB
eq �

for binding the separate atoms into a molecule as

nC�g� + mH�g� → CnHm�g� ,

�2�
�EAB

eq = − �De = ECnHm

eq − �
atoms

Eatom
eq .

This reaction is the reverse of atomization �the equilibrium
atomization energy is often denoted as �De�. Accepted
atomic values �NIST webbook31� enable the conversion of
�Hf

298 K to �HAB
298 K, where AB indicates the atomic binding

reaction of Eq. �2�. The relationships between �and signs of�
�HAB

298 K, �EAB
0 K, and �EAB

eq are presented graphically in Fig.
1, and the details of the conversions are available in the M.S.
thesis of Rodriguez.34 The equilibrium electronic energy
change ��EAB

eq � is corrected to the energy change at a tem-
perature of 0 K ��EAB

0 K� by adding the zero point energy
�ZPE�CnHm�g��� of the molecule. The enthalpy change at
298 K for the atomic binding enthalpy reaction of Eq. �2� is
obtained from �EAB

eq by adding �Hspecies
eq→298 K �the enthalpic

contribution for both taking the molecular species from equi-
librium to 0 K �ZPE� and heating the species from
0 to 298 K� and by subtracting the sum of the thermal cor-
rections for each atom. Similar expressions for the standard
free energy change for the atomic binding reaction ��GAB

298 K�
are obtained by replacing the H’s of Fig. 1 with G’s. The
ZPE, �Hspecies

eq→298 K, and �Gspecies
eq→298 K quantities are routinely

obtained with the GAUSSIAN98 or GAUSSIAN03 �Ref. 35� soft-
ware package by vibrational mode analysis. The �Hspecies

eq→298 K

and �Gspecies
eq→298 K terms derive from statistical mechanics ex-

pressions of ideal gas partition functions29 which basically
require the fundamental vibrational frequencies and the rota-

FIG. 1. Energetics for constructing a molecule by the atomic binding reac-
tion nC�g�+mH�g�→CnHm�g�. Arrows indicate the signs of the quantities.
A similar diagram could be constructed for free energy changes by substi-
tuting ‘G’s for the enthalpic ‘H’s. Normal mode analysis enables one to go
between the ab initio and experimental quantities.
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tional constants of the molecule as input. As we require in-
tensive properties for the infinitely long structures, these
properties are extrapolated as �EAB

eq /nC, �EAB
0 K/nC,

�HAB
298 K/nC, and �GAB

298 K/nC, where nc is the number of car-
bon atoms in the structure.

An illustration for the uninitiated

Test calculations are presented on the CH4 and
HCwCH molecules in Table I concerning the conversion
between electron equilibrium energies and enthalpies of for-
mation. Since G3 theory is in excellent accord with experi-
mental enthalpies of formation, we can take the G3 theory
estimate of the total electronic equilibrium energy as a best
estimate of the total electronic equilibrium energies of these
molecules. No single ab initio calculation that one might
carry out with GAUSSIAN98 or GAUSSIAN03 �Ref. 35� �such as
HF/6-31G* or MP2/aug-cc-pVDZ� gives enthalpies of for-
mation in acceptable agreement with experiment. For ex-
ample with CH4, the HF/6-31G* �lowest level of ab initio
theory with no electron correlation and a small basis set� and
MP2/aug-cc-pVDZ �some electron correlation and a bigger
basis set� results are missing 0.30 and 0.13 hartree �188 and
82 kcal/mol� of the total electronic energy, respectively.
Clearly, the unaccounted portions of the equilibrium elec-
tronic energy are large compared to thermochemical values
of interest. Note that spin orbit and other effects in the atoms
are not always treated as well as possible making the devia-
tions worse. Ab-initio-based recipes �G2,24 G3,27 and W2
�Refs. 28 and 36�� have been developed to take into account
the deficiency of individual calculations. These methods in-
volve sequences of calculations with small, medium, and
large basis sets to estimate an infinite basis set result and
sequences with increasingly sophisticated treatments of elec-
tron correlation to estimate the full amount of electron cor-
relation.

Stewart’s semiempirical PM3 method30 does better on
enthalpies of formation than single ab initio methods, such
as HF/6-31G* or MP2/aug-cc-pVDZ, because it was
“trained” to reproduce such numbers. The energies calcu-
lated with the PM3 method are enthalpies of formation, but
beware—the GAUSSIAN98W or GAUSSIAN03W software pack-
age reports them as if they were the electronic equilibrium
energies of ab initio calculations. It is up to the user to ac-
count for this “quirk” when converting between enthalpy
changes, equilibrium energies, and free energies. These con-
versions are not very sensitive to the level of theory involved
�as supported by the similarity of the last three columns in
Table I�, so it is concluded that PM3 will do pretty well at
electronic equilibrium energy changes for C�g�→C�structure
of interest� by comparison to an individual ab initio method
such as MP2/aug-cc-pVDZ. While a method such as MP2/
aug-cc-pVDZ might be desirable for many molecular prop-
erties �geometries or electronic properties�, the atomic bind-
ing energetics should not be counted among them. The PM3
method displays an average deviation of 3.1 kcal/mol for
enthalpies of formation over a set of 20 hydrocarbons which
is quite acceptable because the error of a cluster’s enthalpy
of formation gets divided by the number of carbon atoms in

the molecule. Consequently, we can apply these strategies
with PM3 to more complex and larger carbon molecules,
such as the �5,5� armchair SWCNTs.

There are fewer calibration points for free energies
than for enthalpies. Literature entropies37 were used for
acetylene �C2H2� to calculate �GAB

298 KnC−�HAB
298 K/nC

=6.141 kcal/mol. We obtain values of 5.84 and
5.80 kcal/mol with the G3 and PM3 methods, respectively.
Our values seem to be in reasonable accord with each other
and the literature.

Finite-cluster approach

Kirtman et al.38 made early observations that ionization
potentials, band gaps, and bandwidths show fast convergence
with length using a fit of polynomial type in the reciprocal of
the number of unit cells. The finite-cluster approach has been
formalized1,39 by Cioslowski �with discussion of other early
work therein�. The finite-cluster method enables rigorous
treatment of electron correlation effects �rare with crystal
orbital methods�, permits the use of terminal groups on the
clusters controlling desired structures39 �nonglobal minima
can be difficult with crystal calculations�, and avoids the pa-
rametrization associated with the number of unit cells needed
for proper sampling of k space with periodic boundary cal-
culations. Finite-cluster methods have been applied to a
number of systems39–41 including cumulenic chains with
various terminations.39 To use this approach with hydrocar-
bons consisting of carbon clusters with hydrogen termina-
tion, we have found the reciprocal of the number of carbon
atoms �nC� to be an excellent parameter for extrapolation,
i.e., it is similar to the reciprocal of the number of unit
cells1,41 in the limit as nC→�. In this limit, the hydrogens
make a negligible contribution to the stability per carbon
because they become infinitely dilute. Similarly, a plot of a
thermochemical property per carbon atom or a structural
property of polyynes or polyenes versus the reciprocal of the
number of carbon atoms in a series will linearly extrapolate
to the value of the property in an infinite structure of pure
carbon as shown in this work. Fits have been performed to
the form

X = �
i=0

imax

�i�nc
−k�i, �3�

where X could be any intensive property, such as
�HAB

298 K/nC, �GAB
298 K/nC, �EAB

0 K/nC, and �EAB
eq /nC for the

atomic binding reaction of Eq. �2�, or geometry such as the
internal carbon-carbon triple, double, or single bond lengths
in the molecules. The parameter k is the dimension of the
growth �k=1 for chains, k=2 for sheets, and k=3 for gra-
phitic or diamond clusters�. Metallic character can lead to
oscillations of such properties1,42 making extrapolations to
infinite length more difficult. This aspect was particularly
evident in the structures of the �5,5� SWCNTs and CvC
bond lengths of the chains.
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POLYYNES AND POLYENES EXTRAPOLATED
TO INFINITE PURE-CARBON CHAINS

The most stable small-pure-carbon chains are cumulenic
and the most stable infinite chain will be shown to be acety-
lenic, so chains of some finite length will have almost iden-
tical stabilities for the cumulenic and acetylenic forms. This
can present optimization difficulties11,43 which the finite-
cluster approach with hydrogen or other caps39 avoids. The
hydrogen end caps �two at each end for cumulenic and one at
the end of an even chain for acetylenic� enforce the expected
structures in all of the polyyne and polyene structures studied
�as gauged by the MP2�full�/6-31G* optimized structures�,
although the triple, double, and single carbon-carbon bond
lengths become much more similar in infinite chains. We
obtain the properties of pure-carbon chains by extrapolating
the calculated properties of polyynes and polyenes to infinite
length. The effect of terminal hydrogen atoms on the ther-
mochemical properties of linear polyynes �HC2nH� and lin-
ear polyenes �H2C2nH2� becomes diluted as these molecules
grow to infinite length. As the number of carbon atoms �nC�
goes to infinity, the effect of terminating hydrogens becomes
infinitely dilute and therefore has no effect on the infinite-
length thermochemistry, i.e., we obtain the thermochemistry
and geometry of pure acetylenic �·CwC–CwC·� or cumu-
lenic �:CvCvCvC: � carbon chains by extrapolating the
properties of polyynes and polyenes to nC=�. The basic
thermochemical calculations of linear polyynes and polyenes
are summarized in Table II. The �GAB

298 K/nC quantity is
given versus nC

−1 for polyynes and polyenes �k=1� in Fig. 2
for both the G3 and PM3 methods. Each of these properties
has been fitted to the polynomial expression of Eq. �3� with
imax=2 �see Table III�, as well as B3LYP results not shown in
Fig. 2. These plots are very linear and readily extrapolate to
well-defined values at nC=� �1/nC=0�. The �2 quadratic
term is barely required for these fits in contrast to the behav-
ior of finite, pure-carbon chains �which are open-shell spe-
cies� to be presented in future work. The parameter �0 rep-
resents the value for a carbon atom in an infinite chain. A
carbon atom in an infinite acetylenic chain has a G3
stability of �HAB

298 K/nC=−145.0±0.4, �GAB
298 K/nC

=−136.0±0.4, �EAB
0 K/nC=−144.3±0.3, and �EAB

eq /nC

=−147.4±0.4 kcal/mol. A carbon atom in an infinite cumu-
lenic chain has G3 stability of �HAB

298 K/nC=−143.0±0.1,
�GAB

298 K/nC=−134.1±0.1, �EAB
0 K/nC=−142.1±0.1, and

�EAB
eq /nC=−145.0±0.1 kcal/mol. The errors represent the

random errors of extrapolation to which one must add the
systematic error inherent in the theory �perhaps
�0.2 kcal/mol�. The infinite acetylenic chain is
1.9±0.4 kcal/mol more stable than the infinite cumulenic
chain in free energy at room temperature. The G3 theory
optimized structures �using the MP2�full�/6-31G* level of
theory� have been analyzed regarding the progression of the
most internal carbon-carbon bond lengths in order to deter-
mine the geometry of the infinite pure-carbon chains �see
Fig. 3�. The most internal triple bonds of the polyynes get
longer as the chains grow longer giving a fit �in angstroms�
of 1.2569�10�−0.142�4�nC

−1. The single bonds get shorter
giving a fit �in angstroms� of 1.333�4�+0.165�25�nC

−1. Uncer-

tainties �estimated standard deviations� are given in paren-
theses as the least significant digits. The infinite, pure-carbon
results come from the intercepts, so the infinite acetylenic
carbon chain triple bond and single bond lengths are
1.2569±0.0010 and 1.333±0.004 Å, respectively. The inter-
nal, polyene double bonds show two different values depend-
ing on whether nC/2 is even or odd. Both groups of double
bonds were fitted with a common intercept. When odd, the
double bond length �in angstroms� is 1.2788�26�
+0.111�9�nC

−1 and when even 1.2788�26�−0.154nC
−1. The

double bond length in an infinite cumulenic chain is
1.2788±0.0026 Å. Clearly, both the energetic and geometric
distinctions between triple, double, and single carbon-carbon
bonds get smaller �but are not gone� at infinite length.

Similar calculations were performed with the semiempir-
ical PM3 and B3LYP/6-31G* methods to see how well they
do by comparison to G3 theory. For the four absolute bulk
values ��0, from Table III�, the PM3 values are within
2 kcal/mol of G3, while the B3LYP values are within
1 kcal/mol of G3, i.e., both are quite good. In terms of the
room temperature, free energy difference in stability of the
cumulenic chain from the acetylenic chain, the G3, PM3, and
B3LYP methods all agree qualitatively and obtain 1.9, 4.1,
and 0.6 kcal/mol, respectively. The optimized geometries of
the PM3 polyyne calculations resulted in an internal CwC
bond length �in angstroms� of 1.2014�3�−0.0238�17�nC

−1 and
a C–C bond length �in angstroms� of 1.3618�5�
+0.149�36�nC

−2. The PM3 internal double bonds show a
length �in angstroms� of 1.2726�3�+0.017�3�nC

−1

−0.0069�57�nC
−2 when nC/2 is odd and 1.2726�3�

−0.066�21�nC
−1 when nC/2 is even. The optimized geometries

of the B3LYP/6-31G* polyyne calculations resulted in an
internal CwC bond length �in angstroms� of 1.2280�18�
−0.050�7�nC

−1 and a C–C bond length �in angstroms� of
1.3371�11�+0.130�7�nC

−2. The internal B3LYP double bonds
show a length �in angstroms� of 1.2762�23�+0.107�8�nC

−1

when nC/2 is odd and 1.2762�23�−0.014�16�nC
−1 when nC/2

is even. Both the B3LYP and PM3 methods show qualita-
tively similar trends to the G3 results with length; however,
the B3LYP results quantitatively follow the ab initio geom-
etry towards bulk better than the PM3. Since the B3LYP
method was not currently viable for the SWCNT clusters
with our PCs, we note the reasonable agreement of the lesser
PM3 method with the more rigorous G3 method suggesting
that PM3 will be useful for characterizing the thermochem-
istry �and to a lesser extent geometry� of large carbon clus-
ters for which G3 theory becomes infeasible.

INFINITE GRAPHENE SHEET

Infinite graphene sheet is an important calibrating point
for those interested in SWCNTs as it can be considered a
SWCNT with infinite diameter. Since curvature destabilizes
a graphitic sheet, graphene will be a lower limit on the range
of stabilities of infinitely long SWCNTs. Enthalpy of wetting
data �energies of cohesion�44 suggests that graphene is
2.0±0.2 kcal/mol per carbon less stable than graphite in en-
thalpy �in agreement with empirical estimates44,45 of
1.5–2.0 kcal/mol�. Combined with accepted values for
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TABLE II. Electronic equilibrium energies, enthalpies of formation, zero point energies, thermal enthalpic
correction from equilibrium, and thermal free energy correction from equilibrium for linear polyynes and
polyenes.

Species Method
Eeq

�hartree�
�Hf

298 K

�kcal/mol�
ZPE

�kcal/mol�
�Heq→298 K

�kcal/mol�
�Geq→298 K

�kcal/mol�

C2H2 G3 −77.302 3a 55.07 16.50 18.81 4.63
PM3 50.7 17.50 19.74 5.66
B3LYP/631G* −77.325 646 63.11 16.71 19.14 4.77
Expt. 54.19

C4H2 G3 −153.422 8a 110.7 23.53 26.68 8.94
PM3 102.4 25.13 28.07 10.72
B3LYP/631G* −153.481 644 119.9 23.91 27.11 9.72
Expt. 111

C6H2 G3 −229.544 8a 164.8 29.55 33.93 13.18
PM3 153.6 32.44 36.31 16.36
B3LYP/631G* −229.639 718 174.7 29.89 34.36 13.37

C8H2 G3 −305.667 5a 219.1 36.22 41.74 17.78
PM3 204.8 39.65 44.52 22.04
B3LYP/631G* −305.799 445 229.0 36.66 42.24 18.32

C10H2 G3 −381.790 1a 269.3 43.01 49.66 22.51
PM3 255.9 46.85 52.73 27.81
B3LYP/631G* −381.959 546 283.0 43.36 50.08 23.02

C12H2 PM3 307.0 54.04 60.96 33.60
B3LYP/631G* −458.119 837 337.1 50.19 58.03 27.85

C14H2 PM3 358.1 61.20 69.16 39.40
C16H2 PM3 409.2 68.42 77.39 45.36
C18H2 PM3 460.4 75.60 85.62 51.69
C20H2 PM3 511.5 81.26 93.12 54.95
C40H2 PM3 1023 153.90 174.61 117.34
C50H2 PM3 1279 189.74 215.68 147.54
C80H2 PM3 2046 — — —

C2H4 G3 −78.556 32a 12.54 30.68 33.19 17.60
PM3 16.6 31.25 33.78 17.34
B3LYP/631G* −78.587 4583 15.88 32.15 34.65 19.05

C4H4 G3 −154.661 09a 77.0 36.39 39.97 20.94
PM3 78.6 37.61 41.14 21.37
B3LYP/631G* −154.730 7 79.6 38.04 41.54 22.64

C6H4 G3 −230.774 21a 136.5 42.20 47.04 24.57
PM3 140.1 44.27 48.96 25.90
B3LYP/631G* −230.882 82 138.0 43.91 48.66 26.37

C8H4 G3 −306.889 89a 194.4 48.00 54.14 28.21
PM3 200.8 50.94 56.82 30.50
B3LYP/631G* −307.038 54 194.4 50.13 56.08 30.57

C10H4 G3 −383.006 5a 251.7 53.69 61.18 31.73
PM3 261.3 57.61 64.68 35.11
B3LYP/631G* −383.195 5 250.2 56.46 63.58 34.89

C12H4 PM3 321.7 64.29 72.54 39.72
B3LYP/631G* −459.353 13 305.52 62.81 71.12 39.24

C14H4 PM3 382.1 70.95 80.40 44.35
C16H4 PM3 442.4 77.62 88.26 48.97
C18H4 PM3 502.8 84.28 96.12 53.57
C20H4 PM3 563.2 90.94 103.97 58.21
C40H4 PM3 1166.8 157.60 182.52 104.64
C60H4 PM3 1770.6 224.32 261.11 151.18

aEstimated with harmonic approximation for vibrations.
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graphite �NIST webbook31�, an experimental value for the
enthalpy change of C�g�→C�graphene sheet� is
−169.3±0.2 kcal/mol. An MNDO cluster-extrapolation

study46 �same semiempirical model as PM3 but trained on a
smaller set of molecules� found that graphene was 3.0±0.2
less stable than graphite in enthalpy by extrapolating a se-
quence of polyaromatic hydrocarbons �PAHs� built of six-
member rings growing in radial steps about a central carbon
ring. Other work has also looked at PAHs and fullerenes44,47

and is useful for gauging reliability, but again only for en-
thalpies. Our work is distinguished by normal mode analysis
which enables free energy changes, enthalpy changes, ener-
getics at 0 K, and electronic equilibrium energy changes to
be calculated. Furthermore, in order to make the extrapola-
tions to infinite area more reliable, we have extrapolated the
results of four different families of finite structures that share
the same infinite intercept. Calculations were performed on
pure-carbon triangulenes �high spin, non-Kekule structures
which curve upon optimization�, pure-carbon triangulene
forced to be flat with symmetry constraints, triangulene
PAHs �lower optimal multiplicities than their pure-carbon
counterparts that remain flat�, and parallelulene PAHs �which
have singlet ground states and are also flat�. The enthalpies
of formation, ZPEs, and enthalpic and free energy correc-
tions are presented in Table IV. The structures of these fami-
lies are represented in Fig. 4 which shows a plot of the free
energy change on a per carbon basis versus nC

−1/2. The PAHs
approach their infinite area energies from below, while the

FIG. 2. Free energy change for the atomic binding reaction nCC�g�
+mH�g�→CnC

Hm�g� on a per carbon basis, i.e., �GAB
298 K/nC, where nC is

the number of carbon atoms in polyyne or polyene molecules. The effect of
the hydrogen atoms is infinitely diluted at nC=� �nC

−1=0� indicating the
stability of an infinite pure-carbon chain. The semiempirical �PM3� method
does reasonably well compared to the G3 theory �QCISD�T,full�/G3large
energies� which is a composite of well-defined ab initio electronic structure
calculations providing agreement with experimental thermochemistry.

TABLE III. Fits of cluster thermochemical values on a per carbon basis vs the reciprocal of the number of carbon atoms as given in Eq. �3�. The parameter
�0 is the bulk value for an infinite length. Uncertainties are just the random errors and are given in parentheses as the least significant digits.

Family Method

Thermochemical
quantity

�kcal/mol�

�0

�kcal/mol�
� length

�1

�kcal/mol�
nC

−1 slope
�2

�kcal/mol�

s.d.
of fit

�kcal/mol�

Linear polyyne HCnH G3 �EAB
eq /nC −147.4�4� −104�4� −13�6� 0.19

PM3 −148.36�2� −112.01�24� −2.5�5� 0.03
B3LYP/6-31G* −146.73�7� −97.7�7� −11.3�11� 0.04

Linear polyyne HCnH G3 �EAB
0 K/nC −144.3�3� −91.2�29� −17�5� 0.15

PM3 −144.77�2� −101.14�25� −3.4�5� 0.03
B3LYP/6-31G* −143.57�4� −85.8�4� −14.6�7� 0.03

Linear polyyne HCnH G3 �HAB
298 K/nC −145.0�4� −96�4� −13�6� 0.19

PM3 −145.73�2� −103.59�28� −1.9�5� 0.03
B3LYP/6-31G* −144.38�6� −89.1�6� −11.6�9� 0.04

Linear polyyne HCnH G3 �GAB
298 K/nC −136.0�4� −90�4� −13�6� 0.18

PM3 −136.24�3� −101.7�4� −3.2�8� 0.05
B3LYP/6-31G* −135.42�8� −83.2�8� −13.2�13� 0.05

Linear polyene H2CnH2 G3 �EAB
eq /nC −145.02�13� −256.4�11� −32.7�18� 0.06

PM3 −143.56�3� −267.7�4� −8.9�7� 0.04
B3LYP/6-31G* −146.07�11� −249.6�10� −38.2�17� 0.06

Linear polyene H2CnH2 G3 �EAB
0 K/nC −142.05�9� −232.3�8� −31.2�12� 0.04

PM3 −140.21�3� −243.8�4� −7.7�7� 0.04
B3LYP/6-31G* −142.94�3� −224.8�3� −36.4�5� 0.02

Linear polyene H2CnH2 G3 �HAB
298 K/nC −143.02�10� −236.2�9� −32.3�14� 0.04

PM3 −141.13�3� −248.0�4� −8.3�7� 0.04
B3LYP/6-31G* −143.75�10� −229.8�10� −35.7�16� 0.06

Linear polyene H2CnH2 G3 �GAB
298 K/nC −134.07�2� −216.23�19� −31.7�3� 0.01

PM3 −132.13�3� −229.1�4� −7.4�7� 0.04
B3LYP/6-31G* −134.77�4� −209.7�3� −35.1�6� 0.02
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pure-carbon species approach from above. Each family is
fitted to a form similar to Eq. �3� except that the independent
variable is nC

−1/2 because the growth is two dimensional �k
=2 because we are extrapolating to infinite area rather than
length�. Multiple linear regression analyses were simulta-
neously performed on each family constraining them to share
a common infinite area intercept. When fitted together with a
common intercept, these four families produce a value with
smaller statistical uncertainty than any family by itself. A
summary of the fits for the various energetic quantities on a
per carbon basis is given in Table V. We obtain

−169.4±0.7 kcal/mol for the enthalpy change of C�g�→C
�graphene sheet�, which is in excellent agreement with the
experimental value of −169.3±0.2 kcal/mol. A simultaneous
fit of the most internal carbon-carbon bond lengths of each of
these families with a common intercept gives an infinite
sheet, PM3 bond length of 1.408±.009 Å. are −109�5�,
−114�3�, 123�3�, and 122�3� for the paralleluThere is a small
but detectable shrinking of the most internal carbon-carbon
bond distances as the two-dimensional structures grow. The
experimental carbon-carbon bond distance is 1.421 Å,48 the
periodic boundary condition density functional theory49

�PBC-PBE/3-21G level� value is 1.431 Å, and the MNDO
estimate from the family of PAHs growing in rings46 is
1.437�3� Å.

STRUCTURE AND ENERGETICS OF THE „5,5…
SWCNT

Semiempirical PM3 optimizations and normal mode
analyses were performed on the �5,5� armchair SWCNT with
open ends, with a half-fullerene cap on one end and with
half-fullerene caps on both ends �all as singlets, presented in
Table VI�. The atomic binding energetics on a per carbon
basis were determined from the data in Table VI. The
�GAB

298 K/nC quantity is plotted in Fig. 5 versus nC
−1 for the

various capping options. All three groups �open, half capped,
and capped at each end� extrapolate to very similar values
�within a few kcal/mol� at infinite length when fitted by Eq.
�3� �k=1�, providing support for the assertion that all three
groups must extrapolate to the same value at infinity. This is
a strategy similar to that employed with the polyenes and
polyynes; however, in this case, the effect of the ends �and

TABLE IV. PM3 calculations of the enthalpies of formation, zero point energies, thermal enthalpic correction
from equilibrium, and thermal free energy correction from equilibrium for a series of parallelulene PAHs �flat,
closed-shell molecules where six-member rings grow equally at two adjacent edges producing parallelagrams�,
triangulene PAHs �non-Kekule, high spin molecules which are flat and one edge of the triangle grows with each
step�, pure-carbon triangulenes �which are open-shell and curve upon optimization�, and pure-carbon triangu-
lene �constrained by symmetry to be flat�. The multiplicities displayed are the ones that had the lowest energies
upon optimization.

Species
Multiplicity

2S+1
�Hi

298 K

�kcal/mol�
ZPE

�kcal/mol�
�Heq→298 K

�kcal/mol�
�Geq→298 K

�kcal/mol�

Parallelogram C16H10 1 63.9 130.6 137.6 108.2
Parrallelogram C30H14 1 129.7 216.4 228.2 188.5
Parallelogram C48H18 1 219.7 319.6 337.3 285.6
Parallelogram C70H22 1 331.6 440.0 464.5 399.3
Triangular C6H6 �benzene� 1 23.4 62.0 65.4 44.7
Triangular C13H9 2 50.8 108.6 114.9 87.0
Triangular C22H12 3 79.7 164.6 174.2 138.6
Triangular C33H15 4 112.0 229.1 242.7 198.7
Triangular C46H18 5 148.0 302.2 320.1 266.9
Triangular C61H21 6 187.7 383.7 406.6 343.3
Triangular C6 curved 3 334.3 16.8 19.8 −0.7
Triangular C13 curved 5 473.6 36.3 41.3 14.9
Triangular C22 curved 11 716.1 79.1 87.5 53.4
Triangular C33 curved 13 716.1 79.1 87.5 53.4
Triangular C6 flat 3 334.3 16.4 19.3 −1.1
Triangular C13 flat 7 503.0 43.4 48.9 21.5
Triangular C22 flat 11 673.9 77.8 86.5 58.0
Triangular C33 flat 13 819.0 120.4 132.8 90.2

FIG. 3. Internal carbon-carbon bond lengths from G3 theory
�MP2�full� /6-31G* optimized structures� of polyynes and polyenes growing
in length plotted vs the reciprocal of the number of carbon atoms in each
structure. The infinite, pure-carbon results come from the intercepts at nC

−1

=0. There is less distinction between triple, double, and single carbon-
carbon bonds as the carbon chains become infinite.
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their open shell or curved nature� becomes infinitely dilute at
infinite length. All three groups were simultaneously fitted
with a multiple linear regression procedure that forced all
three sets to share a common infinite-length intercept. The
results are presented in Table VII. The parameter �0 is the
stability on a per carbon basis for the infinite �5,5�
SWCNT giving PM3 values for C�g�
→C�infinite�5,5�SWCNT� of �HAB

298 K/nC=−163.5±0.2,

�GAB
298 K/nC=−153.3±0.2, �EAB

0 K/nC=−162.3±0.2, and
�EAB

eq /nC=−166.7±0.2 kcal/mol, where the uncertainties are
the random errors of the statistical fitting process. An abso-
lute error of �3 kcal/mol must be added, but differences
within families are better determined �perhaps to
�0.3 kcal/mol�. A carbon atom in an infinite �5,5� SWCNT
is 5.1 kcal/mol less stable in free energy than graphene sheet
and 6.7 kcal/mol less stable than graphite. There have been
some DFT periodic calculations49 on SWCNTs �periodic
boundary condition PBE/3-21G*�, but no quantities are pre-
sented that are directly comparable to the broad set of abso-
lute energetics of this work. However, they do give a strain
energy of 3.8 kcal/mol per carbon for the �5,5� SWCNT
which is the energy penalty for curving this structure from an
infinite graphene sheet. Assuming that this energy is obtained
from the equilibrium energy differences of their calculations,
we can compare our finding that the �5,5� SWCNT is
5.8 kcal/mol less stable than infinite graphene sheet in elec-
tronic equilibrium energy. The methods agree within
2.0 kcal/mol per carbon which is as good as can be expected
based upon the previously determined limitations of PM3
and the comparable thermochemical limitations of DFT.50

Noting that several investigators49,51 have observed linearity
in the strain energy with the reciprocal of diameter squared,
we offer a crude �two point� PM3 estimate of the strain free
energy in kcal/mol for armchair SWCNTs of 239/ �d�Å��2

where d is the diameter of the tube.
The smallest double capped �5,5� SWCNT is just the C60

fullerene molecule. This molecule serves as an additional test
of the quality of the PM3 results at small size because there
is an experimental value for the heat of formation of C60�g�
based on heat of combustion experiments on C60�s� and heat

TABLE V. PM3 calculations of paralleluene PAHs, triangulene PAHs, pure-carbon triangulene, and pure-carbon
triangulene transition states �constrained to be flat� growing into graphene sheet. Fits of cluster thermochemical
values on a per carbon basis vs nC

−1/2 �for two dimensional growth�. The parameter �0 is the bulk intercept
corresponding to infinite area. The parameter �1 is the nC

−1/2 slope �in contrast to the one dimensional fits that
employ nC

−1�. Uncertainties are just the random errors and are given in parentheses as the least significant digits.

Family
Thermochemical quantity
�kcal/mol�

�0

�kcal/mol�
infinite area

�1

�kcal/mol�
nC

−1/2 slope

s.d.
of fit

�kcal/mol�

Paralleluene PAH −132�5�
Triangulene PAH �EAB

eq /nC −172.5�7� −137�3� 1.0
Triangulene Cn flat 136�3�
Triangulene Cn curved 135�3�

Parallelulene PAH −117�5�
Triangulene PAH �EAB

0 K/nC −168.1�7� −122�3� 1.1
Triangulene Cn flat 132�3�
Triangulene Cn curved 131�3�

Parallelulene PAH −120�5�
Triangulene PAH �HAB

298 K/nC −169.4�7� −125�3� 1.1
Triangulene Cn flat 132�3�
Triangulene Cn curved 132�3�

Parallelulene PAH −109�5�
Triangulene PAH �GAB

298 K/nC −158.3�7� −114�3� 1.0
Triangulene Cn flat 123�3�
Triangulene Cn curved 122�3�

FIG. 4. Determining the PM3 value for �GAB
298 K/nC, the free energy change

for C�g�→C�graphene�. The four families that share a common graphene
intercept include pure-carbon triangulenes �high spin, non-Kekule structures
which curve upon optimization�, pure-carbon triangulene transition states
�forced to be flat with symmetry constraints�, triangulene polyaromatic hy-
drocarbons �PAHs with lower optimal multiplicities than their pure-carbon
counterparts, but which remain flat�, and paralleulene PAHs �which have
singlet ground states and are also flat� all share the same intercept,
−158.3±0.7 kcal/mol. The enthalpic intercept obtained with this procedure
is in excellent agreement with experiment.
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of sublimation values. The current NIST webbook31 value of
�Hf

298 K�C60�g�� is 635�6� kcal/mol as compared to earlier
experiments that obtained significantly lower values before it
was known how tightly fullerene holds onto solvent. Presum-
ably, more accurate measurements will be made when larger
amounts of highly purified fullerenes are available for com-
bustion. Our value of 810.8 kcal/mol is high by comparison.
Note also that unrestricted Hartree-Fock �UHF� calculations
on C60 fullerene47 obtain �Hf

298 K�C60�g��
=799.2�6� kcal/mol. The PM3 difference from experiment
corresponds to an error of 2.7 kcal/mol on a per carbon basis
which is not as good as our results at infinite length. More
caution should be exercised in discussing small cluster ener-
getics. Absolute energetics may be no better than 3 kcal/mol
for the smallest molecules, although relative differences may
be considerably better.

Connecting the geometry of �5,5� SWCNT finite-length
molecules to the infinitely long tube was much more difficult
than the energetics. The bonding in finite molecules is con-
siderably perturbed by the caps and there is symmetry of the
tube diameter about the center along the tube axis �a sym-
metry that the infinitely long tube does not have�. A �5,5�
SWCNT is constructed of rings of ten carbon atoms each and
three adjacent rings are displayed in the inset of Fig. 6 giving

TABLE VI. PM3 calculations of the enthalpies of formation, zero point energies, thermal enthalpic correction
from equilibrium, and thermal free energy correction from equilibrium for �5,5� SWCNTs. All species in this
table were calculated as singlets, which are the ground state for the double capped but not for tubes with open
edges.

Species
�Hf

298 K

�kcal/mol�
ZPE

�kcal/mol�
�Heq→298 K

�kcal/mol�
�Geq→298 K

�kcal/mol�

�5,5� SWCNT open C30 1284.8 110.7 123.0 81.1
�5,5� SWCNT open C40 1306.0 153.3 167.5 123.5
�5,5� SWCNT open C50 1387.1 196.8 213.2 165.3
�5,5� SWCNT open C60 1459.4 240.8 259.3 207.9
�5,5� SWCNT open C70 1515.0 285.2 305.8 250.8
�5,5� SWCNT open C80 1586.0 328.2 3512 292.3
�5,5� SWCNT open C90 1662.5 372.2 397.2 334.7
�5,5� SWCNT open C100 1720.2 416.4 443.7 377.5
�5,5� SWCNT open C110 1820.1 459.5 489.2 419.0
�5,5� SWCNT one cap C30 1005.1 117.2 127.0 91.7
�5,5� SWCNT one cap C40 959.0 162.9 174.2 136.3
�5,5� SWCNT one cap C50 1043.1 207.7 220.9 179.6
�5,5� SWCNT one cap C60 1129.1 250.8 266.3 221.0
�5,5� SWCNT one cap C70 1222.2 294.3 311.9 263.1
�5,5� SWCNT one cap C80 1264.6 338.7 358.5 305.9
�5,5� SWCNT one cap C90 1336.6 381.9 404.1 347.6
�5,5� SWCNT one cap C100 1413.0 425.6 449.9 389.7
�5,5� SWCNT one cap C110 1469.3 470.0 496.5 432.6
�5,5� SWCNT one cap C120 1539.9 ¯ ¯ ¯

�5,5� SWCNT one cap C130 1617.9 ¯ ¯ ¯

�5,5� SWCNT double capped C60 810.8 260.7 273.1 234.0
�5,5� SWCNT double capped C70 883.0 303.9 318.6 275.7
�5,5� SWCNT double capped C80 956.9 347.6 364.5 317.9
�5,5� SWCNT double capped C90 1012.0 392.2 411.3 361.0
�5,5� SWCNT double capped C100 1087.7 435.6 456.9 402.8
�5,5� SWCNT double capped C110 1164.6 479.0 502.6 444.6
�5,5� SWCNT double capped C120 1218.8 523.5 549.3 487.6
�5,5� SWCNT double capped C130 1289.9 566.9 595.0 529.4
�5,5� SWCNT double capped C140 1370.1 ¯ ¯ ¯

�5,5� SWCNT double capped C160 1493.5 ¯ ¯ ¯

�5,5� SWCNT double capped C180 1653.7 ¯ ¯ ¯

FIG. 5. Free energy change on a per carbon basis, �GAB
298 K/nC, for

C�g�→C��5,5� SWCNT�, where nC is the number of carbon atoms in a
�5,5� SWCNT with open ends, one fullerene capped end, or fullerene caps
on both ends. All three groups must extrapolate to the same value at infinite
length giving a more reliable determination of the infinite-length value. Also
shown are the values for graphite and the C60 fullerene molecule.
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the bond variable definitions for the case where there could
be different diameters. The diameter �dring� of any ring has a
simple relationship to the distance �R� between a carbon
atom and the similar atom in the ring upon rotating by 72°
about the tube axis, i.e., dring=R / sin�36° �. Diameters were
determined from atom distances in the optimized structures
in this manner. If one assumes that the rings of an infinitely
long tube all have the same diameter, as Bettinger et al.49

�PBC-PBE/3-21G� and Sun et al.52 �PBC-PW91/GGA Ul-
traVTP� have with periodic DFT calculations, then there will
be two types of C–C bond distances: R1’s are perpendicular
to the tube axis �with a PBC-PBE/3-21G value of 1.438 Å�
and R2’s are not perpendicular �with a PBC-PBE/3-21G
value of 1.435 Å�. This turns out to be a good representation
of the zero point energy structure, but the equilibrium struc-
tures can be more complicated. If all diameters are the same,
then the inner ring diameters of finite molecules should con-
verge towards such values as the molecules get larger. How-

ever, we observed oscillations in the inner ring diameters that
did not subside with increased molecule size. The oscilla-
tions were three fold in diameter �six fold if one considers
that each ring is rotated by 36° from its adjacent ring� if the
mirror symmetry at the center of the tube was avoided. Note
that only certain length molecules can maintain a three fold
oscillation pattern across the center mirror of symmetry for
diameters. To sort this out, periodic PM3 calculations were
performed using the MOPAC2000 program53 and the k-space
integration method with the “� point only” option. Use of
this option requires a repeating cell longer than �10 Å, so
cells consisting of many unit cells were used. Many different
size cells were tried; however, only cells with an integral
multiple of six rings gave satisfactory results. For example, a
histogram of the ring diameters obtained with cells of 240
and 200 carbon atoms is given in Fig. 6. The 240 C atom cell
�24 rings� shows only two different diameters �the larger
having twice the frequency of the smaller�, whereas the 200
carbon atom cell �20 rings which is not integrally divisible
by 6� shows a wide distribution of diameters. Cells that are
not multiples of six ring units do not match the inherent
repeating unit of the infinitely long tube and give disparate
results. The 240 carbon atom, �5,5� SWCNT cell had 16
large ring diameters �dH1 and dH2� giving an average value of
6.8663�6� Å and eight smaller ring diameters �dL� with a
value of 6.8227�5� Å using the variables defined in Fig. 6.
This infinite structure gives rise to two different values of
C–C bond distances, but they have a different distribution
than the equal diameter case. For instance, the bonds perpen-
dicular to the tube axis no longer have just one value. We
find that R2H2H1=R1H1=1.4054�8� Å and R2LH2=R2H1L

=R1H2=R1L=1.4334�3�. These periodic calculations were
performed on sequences of cells in length, both constrained
to equal diameters �at nC=80, 100, 120, 140, 160, 180, 200,
220, 280, and 320� and unconstrained but with the number of
rings being a multiple of 6 �at nC=60, 120, 180, 240, and
300�. The value of �HAB

298 K/nC for C�g�
→C�infinite�5,5�SWCNT� extrapolated to infinite length
from PBC-PM3 �5,5� SWCNT is −164.0±0.1 kcal/mol for

TABLE VII. Fits of �5,5� SWCNT cluster thermochemical values on a per carbon basis vs the reciprocal of the number of carbon atoms. The parameter �0

is the bulk value for an infinite length. Uncertainties are just the random errors and are given in parentheses as the least significant digits.

Family Method

Thermochemical
quantity
�kcal/mol�

�0

�kcal/mol�
bulk value

�1

�kcal/mol�
�2

�kcal/mol�

s.d.
of fit

�kcal/mol�

Open �5,5� SWCNT singlet 1006�20� 2400�600�
Half-capped �5,5� SWCNT singlet PM3 �EAB

eq /nC −166.69�16� 687�11� 0.20
Both capped �5,5� SWCNT 368�15�

Open �5,5� SWCNT singlet 1006�22� 2000�600�
Half-capped �5,5� SWCNT singlet PM3 �EAB

0 K/nC −162.25�17� 673�11� 0.21
Both capped �5,5� SWCNT 360�16�

Open �5,5� SWCNT singlet 958�18� 3000�500�
Half-capped �5,5� SWCNT singlet PM3 �HAB

298 K/nC −163.54�15� 677�10� 0.18
Both capped �5,5� SWCNT 361�13�

Open �5,5� SWCNT singlet 954�20� 2600�600�
Half-capped �5,5� SWCNT singlet PM3 �GAB

298 K/nC −153.29�16� 654�11� 0.20

FIG. 6. Histogram of the ring diameters for PM3 periodic boundary condi-
tion calculations on �5,5� SWCNT cells with 240 and 200 carbon atoms.
Cells that are multiples of 60 carbon atoms give distinctly two different
diameters �in a low-high-high pattern� rather than a distribution. The sche-
matic of three adjacent rings at the center defines the geometry variables for
the case when the diameters are not necessarily the same.
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the high-high-low diameter structure and
−163.7±0.1 kcal/mol for the equal diameter structure. These
values compare well to the value of −163.5±0.2 kcal/mol
obtained by the finite-cluster extrapolation method. The
high-high-low diameter structure is slightly more stable, but
the difference is small compared to the zero point energy
�4.4±0.2 kcal/mol per carbon atom as extracted from Table
VII�. Therefore, the equal diameter structure is reasonable as
a ZPE-averaged structure, but one may have to consider non-
equal diameter structures when searching for the equilibrium
minimum.

Arguments in this paper are based on the smooth
progress of molecular properties to infinite length, so it is fair
to require that a legitimate structure for infinitely long �5,5�
nanotube should be smoothly connected to finite molecule
structures. This became possible with the PBC-PM3 results
and awareness of the issue of diameter mirroring about the
center. A sequence of open-ended, H-atom-terminated �5,5�
SWCNT molecules containing 150, 210, 270, 330, 390, and
450 carbon atoms was chosen because these sizes enable the
three fold diameter oscillating pattern to propagate across the
molecule without being interrupted by the mirroring at the
center �they need a smaller diameter at the center�. In fact, all
of the bond distances in these molecules can be smoothly
correlated to infinite length, as shown in the M.S. thesis of
Rodriguez;34 however, for simplicity only the inner diameter
and associated C–C bond distances are plotted in Fig. 7 as a
function of size �versus 1/nC�. The larger of the two diam-
eters in infinitely long tubes breaks into two different diam-
eters in finite molecules and the two C–C bond distances of
infinitely long tubes break into four such distances in the
molecules.

The smooth connection of molecules to infinite chains
reinforces the high-high-low diameter structure of the infi-
nitely long �5,5� SWCNT; however, PM3 is not as good as
ab initio or DFT methods for investigating structure. Higher
level calculations were sought that might provide more con-
fidence in our structural conclusions. B3LYP/6-311G* cal-
culations have been reported by Cioslowski et al.42 on the
C210 doubly capped �5,5� SWCNT. Taking the 30 carbon
fullerene caps off of each end, the double capped C210 cluster

has 15 rings with a smaller diameter in the middle, just like
the smallest member of the special sequence described in the
preceding paragraph. Cioslowski’s results �as graphically ex-
tracted from a figure� are overlaid with our PM3 calculations
in Fig. 8 showing similar trends. This is taken as strong
evidence in favor of the high-high-low diameter structure of
the infinitely long �5,5� SWCNT. It is possible that the effect
is a bit less pronounced in the B3LYP result �0.03 versus
0.05 Å�, but it could be easily discerned by higher level cal-
culations upon relaxing the similar diameter constraint. It
would appear that the results of Bettinger et al.49 and Sun
et al.52 are averages of high-high-low structures.

FIG. 7. The inner geometric param-
eters �ring diameter and C–C bond dis-
tance� of a special sequence of open-
ended, hydrogen-atom-terminated
�5,5� SWCNT molecules vs reciprocal
of the number of carbon atoms. The
sequence was chosen such that the
threefold oscillation of diameters was
not interrupted by the mirroring of di-
ameters about the center of the cluster.
This sequence connects smoothly to
the infinitely long �5,5� SWCNT as de-
fined by the periodic boundary calcu-
lations in a manner similar to the sim-
pler systems described earlier.

FIG. 8. The ring diameters of the double capped C210 cluster as calculated
with the hybrid DFT method �B3LYP/6-311G*, filled symbols� by
Cioslowski and co-workers as compared to semiempirical PM3 calculations
of this work �open symbols�. The rings are numbered in the drawing above
the plot as by Cioslowski.
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OTHER SWCNTs

Preliminary enthalpic PM3 calculations on �10,10�,
�17,0�, �10,0�, �9,0�, �5,5�, and �6,0� SWCNTs are presented
in Fig. 9. Different SWCNTs have significantly different
bulk values and nC

−1 slopes, so future efforts will involve
characterizing the thermochemistry of different �n ,m�
SWCNTs. It would be interesting to see if data such as that
on the �5,5� SWCNT could be generated for a large set of
�n ,m� SWCNTs to see if it could be parametrized by n and
m. The variations in slopes and intercepts between SWCNTs
suggest that different strategies in particular length regimes
may be useful with regard to optimizing specific SWCNTs in
the synthesis process. Only the open tubes had a determin-
able quadratic term ��2� and it was barely determined, so the
fits were dominated by the nC

−1 linear term ��1�. The �1 and
�2 terms determine the effect of size on the energetics of the
�5,5� SWCNTs. The current techniques allow one to charac-
terize these energetics in different �n ,m� SWCNTs in the
finite size regimes of increasing importance in nanotechnol-
ogy work.

DISCUSSION AND CONCLUSIONS

Each carbon atom in a cumulenic chain shares two
CvC bonds with its neighbors, so the quantity
−�HAB

298 K/nC for an infinite cumulenic chain is equivalent to
the enthalpic strength of a CvC bond. Use of local bond
averages23 �2�146.6� /2 kcal/mol� suggests an estimate of
146.6 kcal/mol from small molecules, while the more defini-
tive G3 theory finds 143.0±0.3 kcal/mol for the enthalpic
strength of the double bond in an infinite cumulenic chain.
Similarly, each carbon atom in an acetylenic chain shares a
CwC bond and C–C bond with its neighbors, so the quan-
tity −�HAB

298 K/nC for an infinite acetylenic chain is the aver-
age of the enthalpic strength of a CwC and a C–C bond.
Use of local bond averages23 ��200.5+83.2� /2 kcal/mol�
suggests an estimate of 141.9 kcal/mol, while the more de-
finitive G3 theory finds 145.0±0.4 kcal/mol for the average
of the enthalpic strength of a CwC and a C–C bond in an
infinite acetylenic chain. Even though local bond averages
suggest that a carbon atom will be more stabilized in a cu-

mulenic rather than acetylenic chain, G3 theory finds the
infinite acetylenic chain to be more stable in enthalpy than
the cumulenic chain by 2.0±0.5 kcal/mol in accordance
with Hartree-Fock predictions21 and the Peierls theorem.22 In
the future, we will use the thermochemistry of the infinite
carbon chains determined in this work as a constraint on the
energetic trends towards bulk of various small carbon chains
which exhibit extensive deviations from linearity in nC

−1.
Each carbon atom in the infinite graphene sheet shares

two C–C bonds and one CvC bond with its neighbors, so
the quantity −�HAB

298 K/nC for an infinite sheet is an average
of the enthalpic bond strength of two C–C bonds and one
CvC bond in infinite sheet. Local bond averages23

��2�83.2�+146.6� /2� suggest an estimate of 156.5 kcal/mol,
while the PM3 method finds 169.4 kcal/mol. Clearly there is
an enhancement of �12.9 kcal/mol per carbon due to con-
jugation or resonance �as is well known with benzene�. Each
carbon atom in the infinite length �5,5� SWCNT shares the
same type of bonds as in infinite sheet, except that they are
curved which is destabilizing. Our PM3 calculated enthalpic
average of two C–C bonds and one CvC bond in �5,5�
SWCNT tube �163.5±2.0 kcal/mol� is greater than expected
without conjugation �156.5 kcal/mol� but not as strong as in
flat infinite sheet �169.4 kcal/mol�. The infinite �5,5�
SWCNT is 7.8 kcal/mol less stable in enthalpy than graph-
ite.

The extrapolation of polyyne and polyene properties
gives ab initio �G3 theory� values of infinite acetylenic and
cumulenic pure-carbon chains. An infinite carbon chain has
�G3 theory� bond lengths of 1.333, 1.279, and 1.257 Å for
single, double, and triple bonds, respectively. These bond
lengths correspond to the MP2�full� /6-31G* level of theory.
The differences between the single, double, and triple bonds
are less pronounced in infinite chains than they are in small
hydrocarbon molecules. The infinite acetylenic chain is
1.9±0.4 kcal/mol per carbon more stable in free energy at
room temperature than the cumulenic chain and this differ-
ence corresponds to the QCISD�T,full�/G3 large level of
theory �state of the art energetics�. The infinite acetylenic
chain has +24 kcal/mol of chemical potential relative to
graphite. Semiempirical PM3 calculations were also per-
formed showing reasonable agreement of the energetics with
the G3 theory results.

The PM3 method was applied to the �5,5� SWCNT
showing 7 kcal/mol chemical potential relative to graphite.
Graphene sheet shows 1.9 kcal/mol of chemical potential
relative to graphite with the PM3 method. The ZPE/nC of a
�5,5� SWCNT has been determined to be 4.4 kcal/mol �with-
out the �0.9 correction often applied to such evaluations�. A
three fold alternation in ring diameter has been detected in
the equilibrium structure of the infinitely long �5,5� SWCNT
which involves a high-high-low pattern and changes of about
0.044 Å in diameter. The high-high-low diameter structure is
only slightly more stable than the equal diameter structure,
and the difference is small compared to the zero point en-
ergy. These observations may indicate larger deviations from
equilibrium than expected in the zero point energy structure.

FIG. 9. Enthalpy change on a per carbon basis, �HAB
298 K/nC, for C�g�

→C��n ,m� SWCNT� where for various open-ended �n ,m� SWCNTs. Each
tube has a different infinite-length value and different slopes vs nC

−1.
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Regarding our original goals, first, the absolute thermo-
chemical properties �changes in equilibrium electronic en-
ergy, internal energy at 0 K, enthalpy at 298 K, and free
energy at 298 K� have been presented as the parameter �0 in
Tables III, V, and VII for carbon chains, graphene sheet, and
the �5,5� SWCNT, respectively. Secondly, taking differences
from the PM3 values in Tables V and VII, an equilibrium
electronic energy difference of 5.8±0.7 kcal/mol and an en-
thalpic difference of 5.9±0.7 kcal/mol are found for
C�graphene�→C�SWCNT�. These are essentially the same
number, so the curving of the carbon surface on the product
side of this reaction does not invalidate the isodesmic ap-
proach. Note that rather than making the isodesmic assump-
tion, we have determined that it is good. For instance, it
would be reasonable to take the “strain energy” of the peri-
odic boundary condition-PBE/3-21G* calculations49

�3.8 kcal/mol� as the enthalpic change for this reaction at
that level of theory. One big advantage of our method is the
determination of free energy changes which are largely un-
available from other methods at this point in time. Our ener-
getic presentation enables comparison to any other forms of
carbon, not just those related by isodesmic reactions. Finally,
these results provide some important initial inputs needed for
the construction of the thermochemical energetics of carbon
versus size. The bulk values ��0 in Tables III, V, and VII�
provide valuable reference points to which the properties of
certain pure-carbon clusters must evolve. Since the small
clusters are often open-shell systems with oscillating proper-
ties, the trends with size are not always easy to deduce. Like-
wise, the slopes of pure-carbon clusters ��1 in Tables V and
VII� provide the size dependence of the clusters. Different
�n ,m� SWCNTs show very different finite size energetics
�see Fig. 9�. Future work will be directed at establishing the
critical sizes where different finite carbon clusters become
most stable in free energy.
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