A

E A B C D F
EleE A B Cc D F
AlA E D F B C
BB F E D Cc A
cjc b F E A B
pfp ¢c A B F E
FIF B ¢ A E D

(b) {E} is a subgroup by itself.

{E,A}, {E, B}, and {E, C} are subgroups:

D: cw rotation by 2/3
F: ccw rotation by 2/3

Each operation appears exactly once
in each row and column in accord with
the rearrangement theorem.

e A le s
Ele A E|leE B
Al A E BlB E

e ¢
ele c
clc &

(c) Using the group multiplication table to calculate similarity transforms, we can

show that there are three classes of operations:

Class 1: E
Class 2: A,B,C
Class 3: D,F



2. (a)

MM, M, My M, Ms M These matrices comprise a group
because the requirements of
closure, the existence of an identity,
and the existence of an inverse for
each matrix are all satisfied.

(b) Using the group multiplication table to calculate the similarity transforms, we
can show that there are three classes of operations:

Class 1: M1
Class 2: M2, M3, My
Class 3: M5, Mg

(c) Class 1: Trace = 2
Class 2: Trace = 0
Class 3: Trace = -1

All matrices in the same class have the same trace.

(d) Inspection of the group multiplication tables in parts 1(a) and 2(a) shows that
the groups are isomorphic with:

E—7™ Mj
A —> M2
B — M3
cC —= M4
D — M;s
F —= Mg

E A BZC

E A BZC
A B CD
B CDE
CD EA
D E AB

OO w > md
QW » mIRc



4. (a) Closure requires that the product of any two operations within a group also be in the
group. New operations generated are:

o Sy(z) ® Sy(z) — Ca(z)

o Si(z) @ Cx(2) — S4*(2)
e Syz) ®Ss(z) > E

o Cyx)eCyx)—E

o S4(z) ® Cy(x) — o(x=y)

y
Pt
® ,
CZ(X) (a,b,C) - (a,-b,-C) ,"
S4(z) (a,-b,-¢) — (b,a,c) L
= 5(x=) (ab,0) — 2
O

o Ci(x) ® S4(z) — o(x=-y)

o (Cy(x) @ Cy(z) — Ca(y)

We can verify that we have all of the operations of the group by using a group
multiplication table:



E Ci(x)  GCiy)  Ciz) S4(z) Sil(z) o(x=y)  o(x=-y)
E E Cax)  Caly)  Ca2) S4(2) Si(z) o(x=y) o(x=-y)
Cix)  |Ga(x) E Ca(z) Ciy)  o(x=-y) ox=y) Siz) S4(z)
Ciy) |Cay)y G E Cax)  ©(x=y) o(x=y) Siz)  Siz)
Caz) Ca(z) Caly) Ca(x) E Sf(z) Sa(z) o(X=-y) O(X=y)
Siz)  [Ssm  o(x=y) o(x=y) Silz) Caz) E Caly)  Calx)
Silz)  [Silzz o=y o(x=y) Siz) E Caz)  Cax)  Cay)
o(x=y) [o(x=y) S4(z) Silz) a(x=-y) Cox) Ciy) E Ca(z)
o(x=-y) |o(x=y) Si(z) S4(z) o(x=y) Caoy) Cx) Cyzg E

We can see that the group is closed, its order=8, and that the rearrangement theorem is
satisfied.

(b) From the group multiplication table, we can determine the class structure as in
problems 1 and 2:

E

Cz(z)

Ca(x), Ca(y)
S4(z), S4*(z)
6(x=y), 6(x=-Y)

(c) The matrices follow from the transformations under each operation, e.g.

CZ(Z) (a,b,c) - (-a,—b,c)

1 0 0 -1 0 0 1 0 0 -1 0 0 0 -1 0 0 1 0
01 0 0 -1 0 0 -1 0 0 1 0 o oll-1 0 o
0 0 1 0 0 1 0 0 -l 0 0 -l 0 0 -1 0 0 -l
E C,(z) C,(x) Cy(y) S.(z) S.(2)
0 1 0 0 -1 0
1 0 0 1 0 0
0 0 1 0 0 1

o(xX=Y) O(X=-Y)



(d) We see that each matrix blocksasa2x2anda 1l x 1:

Thus, this is a reducible representation.

2x2| 0

0 ‘11]

(e) To construct matrices, we can use the results from part (c). For example, consider
Cx2z) (xy2): x = -X;y = -y;2— 2

2.

Therefore, z* — 7% x*-y* — (-x) = (-y)* = x>y xy = (-X)(-y) = xy; Xz = (-X)(2) = -Xz;

and yz — (-y)(z) = -yz. Thus, the matrices are:

toooo|l[1too000]l 10000
01000l ]lot1oo0oo0]llo100o0
ootoolloo1o00] oo .00
00010 000 -10 00 0-10
0000 1] ooo0-1] o000
E C,(z) Co(x)
toooo]lioooo]l [1o0000
0-1000||0o-1to00] [o-1000
00-100[]oo0o-to0] oo10o0
0000 1|[floooo-1] 00001
000-10] o001 0] 00010
S4(2) S41(2) o(x=Yy)

o R s R e Y

=2 o o o =
= o o

00 0]
00 0

01

0
1
0 -10
0
0 00

Cy(y)

= D = o
e T e B e R |

a(X = -y)




(f) Each of the matrices from part (e) blocks as three 1 x 1 and one 2 x 2 matrix:

rlx A
: 0

0 2x2
\ vy

Therefore, these matrices comprise a reducible representation.

(g) Let us assume that the 2 x 2 blocks in parts (c¢) and (e) are irreducible. We can gather
irreducible representations from those matrices:

(c) | ) Ci(z) Cs(x) Ca(y) S4(z) Siz)  olx=y)  olx=y)

r | 1 -1 -1 -1 -1 | 1

rz 1 0 -1 0O 1 0O -1 0 o -1 o 1 o 1 0 -1
o 1 o0 -1 0 -1 0 1 1 0 -1 0 1 0 -1 0

fe)

r | 1 1 1 1 1 | 1

r 1 1 1 1 -1 -1 -1 -1

I’ | 1 -1 -1 -1 -1 | 1

eI ETEC eI

Note that the characters for I'® are the same as those for I'>. This suggest that the two are
related. In fact, consider the matrix:
35 01

— 10

which is its own inverse, i.e. S =S.

You can show that for I'* (R) = S™! T%(R)S for all R. Because I'® and I'? are related by a
similarity transform, they are not unique irreducible representations.



By inspection, the Great Orthogonality Theorem holds for the 1-dimensional irreps I'!, I'°,
and T'*:

Nel'=TeP=T"e*=8

e =T'el*=T%TI*=0

z Fi(RYII(R) = 86, (i, = 1,3, 07 4)
R
For I'> we see by inspection:
8
Z Fn%n(R)rnzun(R) = §6mm/6nnl (m,n =1or 2)
R
Furthermore, each set of I’y (R) is orthogonal to the 1-dimensional irreps, e.g.
> YRR =0
R

Thus, the representations satisfy the Great Orthogonality Theorem.

(h) To summarize the irreps created thus far, listing characters and classes:

E C, [2C | 284 | 20
1 1 1 1 1

1 1 1 -1 -1
1 1 -1 -1

2

-2 0 0 0

We see that there are 5 classes but only 4 irreps. Thus, there should be on more irrep.
Using the Great Orthogonality Theorem:

Zi[Xi(E)]2 = h; for the above table: Zi[Xi(E)]z = 7 so the missing irrep must have / = 1

By inspection, the missing irrep is:

E Cy [2C’ | 254 | 20
1 1 -1 1 -1




